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LARGE FLATS IN THE PANTS GRAPH
JOSE´ L. ESTE´VEZ
Abstract. This note is about the geometry of the pants graph P , a natural simplicial
graph associated to a finite type topological surface Σ where vertices represents pants
decompositions. The main result in this note asserts that for a multicurve Q whose
complement is a number of subsurfaces of complexity at most 1 the corresponding
subgraph PQ is totally geodesic in P previously considering this as a metric space
assigning length one to each edge. As a consequence of this result we make explicit
the existence of large flats in the pants graph.
.
1. Introduction
Let Σ be a compact orientable surface of genus g with r boundary components and
such that 3g − 3 + r > 0. The pants graph P is a graph associated the surface Σ, was
introduced in [11] and further studied in [10]. The number 3g−3+r > 0, is the complex
dimension of its Teichmu¨ller space T of Σ and it is also called the complexity of Σ. By
assigning length one to the edges in P we obtain a metric space (P, d) and it reveals
as a combinatorial model of the Teichmu¨ller space with the Weil-Petersson metric [5,
Theorem 1.1], specifically there is a quasi-isometry between the 0-squeleton of P and T
with the WP metric.
In [1, 2] the authors study geometric properties of the pants graph P by considering
projections P → PQ over the subgraph corresponding to a 2-handle multicurve. They
exhibit PQ as a totally geodesic subgraph of P and as a consequence the existence of
isometric embeddings of Z2 into PQ.
The existence of maximal size quasi-flats in P is known, (quasi-isometric embeddings
of Zn in P with maximal n), see [4]. In this note we prove the following.
Theorem 1.1. Let Σ be a compact, connected and orientable surface, and denote by Q
an arbitrary n-handle multicurve on Σ. Then, PQ is totally geodesic in P.
from which we deduce the existence of large flats in P in section 8 and that partially
supports the following [1, 2]:
Conjecture 1. Given two compact and orientable surfaces Σ1 and Σ2, the image of a
simplicial embedding φ : P(Σ1)→ P(Σ2) is totally geodesic.
In this sense it should be mentioned [3] where by considering slightly modified modified
graphs, the authors conclude that the Conjecture is true for the 6-holed sphere.
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The Weil-Petersson completion T of T is obtained by including noded surfaces and
T becomes a stratified space, each stratum being a product of lower dimensional Te-
ichmu¨ller spaces and WP metric on them is the extension of the WP metric on T . Given
a multicurve C on Σ we obtain TC ⊂ ∂T by pinching the curves on C, the stratum TC
and its completion T C are totally geodesic in T that is known to be a unique geo-
desic space [12, Theorem 13], [13]. A maximally noded surface corresponds to a pants
decomposition of Σ and it lies in a 0-dimensional stratum in T \ T [9].
If we see Σ as a disjoint union of g 1-holed torus, ⌊g+r2 ⌋ − 1 4-holed spheres and
eventually a 3-holed sphere, this decomposition may arise as the complementary of cer-
tain (g + ⌊g+r2 ⌋ − 1)-handle multicurve Q (eventually ignoring the three-holed sphere)
and we deduce from the main theorem that the correspnding product of Farey graphs
is totally geodesic in the pants graph, as a corollary we find an isometric embedding
Z(g+⌊
g+r
2
⌋−1) → P corresponding to an embedding R(g+⌊
g+r
2
⌋−1) → T . The number of
complexity 1 subsurfaces thus obtained ⌊3g+r−22 ⌋ is the geometric rank of T , [4, 7] which
translates to P by the quasi-isometry exhibited in [5].
0 1−1
Figure 1. The figure shows the Farey graph as embedded in half plane
model of H2. The vertex set is Q ∪ {1/0} and represents the completion
of T . Two vertices p/q and r/s are joined by an edge when |ps− rq| = 1.
2. Definitions
2.1. Curves and multicurves. For the surface Σ we shall denote κ(Σ) the integer
3g− 3 + r and call it the complexity of Σ. This number denotes the complex dimension
of the Teichmu¨ller space of Σ.
A multicurve is a collection of pairwise disjoint isotopy classes of simple closed curves,
none of them isotopic to a boundary component.
We say a multicurve ω has rank n ≥ 2, if |ω| = κ(Σ) − n for some non-negative
integer n. A rank n multicurve Q is a n-handle multicurve if the complement of every
simple representative of Q contains n complexity 1 components each of them with every
boundary component trivial in the homology group H1(Σ, ∂Σ;Z).
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In this paper we are concerned with n-handle multicurves where 2 ≤ n ≤ ⌊3g+r−22 ⌋,
where the upper bound represents the maximum number of pairwise disjoint subsurfaces
of complexity 1 contained in Σ.
In order to perform surgery constructions we refer to the representatives of these
classes. In this sense we introduce the following definition that avoids to refer us to a
geometrical structure on Σ and makes easier t deal with those conditions we need.
Definition 2.1. Let Y be a subsurface of Σ of complexity 1. Then:
(1) We say that a simple closed curve a intersecting Y is tight in Y if the number of
intersection points of a with ∂Y is minimal among all those curves in its isotopy
class.
(2) For a curve a that is tight in Y but a 6⊂ Y , we shall call each component of a∪Y
an essential arc in Y .
(3) We say that two curves α, β intersecting Y are tight in Y if each of them is tight
in Y and there is no region R ⊂ Y homeomorphic to a disc which is limited by
an arc a ⊂ α another arc b ⊂ β and eventually another d ⊂ ∂Y .
(4) Two arcs a and b contained in Y are tight if they are the intersections of two
curves α and β that are tight in Y .
Remark 2.2. The existence of a region R homeomorphic to a disc being limited by two
arcs a ⊂ α, b ⊂ β and eventually d ⊂ ∂Y , implies the existence of an isotopy of (Y, ∂Y )
that moves α and eliminates two intersection points in α ∩ β in the first case or one
intersection point in (α ∩ β) ∪ (α ∩ ∂Y ) ∪ (β ∩ ∂Y ).
2.2. Pants decomposition. A pants decomposition of a surface Σ is a maximal multi-
curve ν ⊂ Σ. The resulting decomposition Σ \ ν consists on 2g − 2 + r 3-holed spheres.
The number of curves that define a pants decomposition in Σ is κ(Σ).
2.3. Elementary moves. Given two pants decompositions ν1 and ν2 we say that they
are related by an elementary move if one is obtained from the other by changing one
curve a by another b that intersects a minimally: if Σ\ (ν \a) contains a one holed torus
b intersects a in one single point and this elementary move is of the first kind, otherwise
if Σ\ (ν \a) contains a four holed sphere b intersects a in two points and this elementary
move is of the second kind. We shall write ν1 → ν2 to denote that ν1 and ν2 are related
by an elementary move.
Remark 2.3. Observe that both the 1-holed torus in one case as the 4-holed sphere in
the other, are isotopic to a regular neigbourhood of a ∪ b, where a and b are the curves
involved in an elementary move.
2.4. Pants graph. The pants graph P is the graph whose vertices are pants decompo-
sitions and two vertices are joined by an edge whenever the are related by an elementary
move. The pants graph is the 1−squeleton of the pants complex PC that is known to
be connected and simply connected [10, 11]. We endow the pants graph with a metric
by assigning length 1 to each edge. A geodesic arc in (P, d) is an edge path joining two
vertices that minimizes distance. In general a geodesic g ⊂ P is a set of consecutive ver-
tices {vi : i ∈ J} together with the corresponding edges such that for each pair (vr, vs)
there is a geodesic arc joining them and lying in g.
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A subgraph G of P is totally geodesic if any geodesic arc with its end points in G is
contained in G. A subgraph G of P is convex when any two points of G may be joined
by a geodesic arc contained in G. Totally geodesic implies convex but the converse is
not true, for instance if we look at the Farey graph F as in figure 1 and consider the
subgraph G that includes all the vertices in the interval [−1, 1], and as edges only those
in F connecting these vertices.
2.5. Subgraphs of the pants graph. Given a multicurve Q ⊂ Σ there is a set of pants
decompositions of Σ having these multicurve as a subset. If we consider the subgraph
PQ ⊂ P formed by this set of vertices together with the corresponding edges in P we
have a subgraph representing all the pants decomposition that contain the curve Q. The
distance measured inside PQ is noted dQ. Also given a subsurface Y ⊂ Σ we may refer
to the pants graph PY of Y . Observe that for any two different multicurves Q and Q
′
having Y as complementary surface of complexity grater than 0, there are two copies of
PY embedded in P.
2.6. Subsurface projections. Let Y be a essential subsurface of complexity 1 and let
a ⊂ Σ be a curve that is tight with respect to Y and let {ai : i = 1, · · · , k} be the
finite set of connected components of a ∩ Y . The projection piY (a) is the set of curves
{ci : i = 1, · · · , n} where ci is the only curve contained in Y that does not intersect ai.
In case of a ∩ Y = ∅ we set piY (a) = ∅. This definition extends naturally to the case of
ω being a multicurve, thus resulting piY (ω) as a finite set.
More generally, if Q is a n-handle multicurve and Y1, . . . , Yn the family of all complex-
ity 1 subsurfaces contained in Σ \ Q we may define piQ(ω) for any multicurve ω as the
set {ai ∪Q : ai ∈ piYi(ω)}. So those Yi such that ω ∩ Yi = ∅ do not contribute with any
curve ai ⊂ Yi to the projection, in particular if ω ∩ (Y1 ∪ · · · ∪ Yn) = ∅ then piQ(ω) = Q.
Remark 2.4. We shall consider projections piY (a) that are not isotopic to ∂Y .
2.7. Seams and waves. In case that Y ⊂ Σ is a 4−holed sphere we call a wave an
essential an arc w ⊂ Y with its end points lying at the same boundary component of Y .
In case of an essential arc s ⊂ Y that has its end points at different components we call
it a seam.
2.8. Partial projections. Let s be a seam in a 4-holed sphere Y and let δ1 and δ2
be the boundary components of Y in which the end points of s lie. If N is a regular
neighborhood of δ1 ∪ s then a = ∂N is a wave having their end points at δ2 and such
that piY (a) = piY (s). This we call the partial projection of s over δ1. The same thing we
may do for the component δ2 having another wave b that verifies piY (b) = piY (s).
2.9. Notation. Al along this note we shall denote by Σ an orientable surface of genus
g with r boundary components and Q ⊂ Σ is an n-handle multicurve. Given two curves
α, β ⊂ Σ use the expression |α ∩ β| or |α ∩ β ∩ Y | to mean the cardinality of the set of
intersection points of the curves α and β or that of this set inside a subsurface Y ⊂ Σ.
By ι(α, β) we denote the geometric intersection number of α and β, that is, the minimum
number of intersection points in their homotopy classes.
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3. 2-handle multicurves
Even in the case of a 2-handle multicurve Q ⊂ Σ the projection pi : P → PQ we
may not assure that pi is distance non-increasing as the authors ask in [2]. In the
example shown in figure 2 we have considered a 2-handle multicurve Q whose complexity
1 subsurfaces Y1 and Y2 are 4-holed spheres.
Y1 2Y
β α
Figure 2. The top figure shows the closed genus 7 surface Σ with two
pants decompositions ν0 and ν1 related by an elementary move that is
realized by the curves α ∈ ν0 and β ∈ ν1, where |α ∩ β| = 2. The
figure below shows the 4-holed spheres Y1 and Y2 that are disjoint of
the 2-handle multicurve Q. Projections ω0 = piQ(ν0) and piQ(ν1) are at
distance 2 and there is no ω ∈ piQ(ν1) at lower distance from ω0.
To prove Theorem 1.1 we analyze the intersections of curves that realize an elementary
move with the complexity 1 subsurfaces.
4. Intersection of curves on a 1-holed torus
Definition 4.1. Let α and β be two curves related by an elementary move and inter-
secting a 1-holed torus Y ⊂ Σ in one single essential arc each, say a ⊂ Y and b ⊂ Y .
We say that the end points of a and b are linked if they are linked in ∂Y .
Lemma 4.2. Let a and b two different essential arcs contained in a 1-holed torus Y and
having their end points at ∂Y . If a and b are tight in Y then their end points are linked.
Proof. Call x1, x2 ∈ ∂Y the couple of end points of a and y1, y2 those of b. Consider
A = Y \ a, then as a is essential it is homeomorphic to an annulus and let A1 and A2 be
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their boundary components. Let a1 ⊂ A1 and a2 ⊂ A2 be the arcs that correspond to a
and call x′1, x
′
2 ∈ a1 and x
′′
1 , x
′′
2 ∈ a2 the end points corresponding to x1 and x2.
Any essential arc b ⊂ Y (may be intersecting a or not) that is not isotopic to a reflects
in A as a (finite) collection of disjoint arcs bi with their end points fixed, each one of
them connecting the boundary components of A. As b ⊂ Y has one single connected
component and has its end points at ∂Y , results that only two arcs, say b1 and br have
one end point each at A1 \ a1 and A2 \ a2, this points are y1 ∈ A1 and y2 ∈ A2. All the
rest of end points of arcs bi including one of b1 and one of br lie on a1∪a2 and correspond
to points of a ∩ b. To see that the couples (x1, x2) and (y1, y2) are linked identify the
segments a1 ∼ a2 in such way that x
′
1 ∼ x
′′
1 and x
′
2 ∼ x
′′
2.
This identification is equivalent to attaching a 2-dimensional handle [0, 1]× [0, 1] at A
in such way that [0, 1]×{0} identifies with a1 and [0, 1]×{1} identifies with a2. We may
distinguish the points {0} × {1/2} and {1} × {1/2} as corresponding to x1 and x2. The
resulting boundary component is divided in four segments, two of them corresponding
to the attached handle and separating the other two. 
Corollary 4.3. Let Y be a 1-holed torus. Let α, β ⊂ Σ be two curves that are tight in
Y , each intersecting Y in a finite set of arcs and both intersecting in one point inside
Y . Let A be the connected component of (α∪ β)∩ Y that contains the intersection point
and let N be a regular neighborhood of A then the arcs di, i = 1, . . . , 4 are two by two
related by an isotopy of arcs that keeps their end points in ∂Y .
Proof. Let a = α ∩ Y and b = β ∩ Y be the arcs that contain the intersection point
α∩ β ⊂ Y . Consider also the arcs di, i = 1, . . . , 4. As the curves α and β are tight in Y ,
no arc di is isotopic to a or b, then if di and dj are isotopic in Y with their end points
in ∂Y the isotopy may be considered also in Y \ N . So in case of three arcs di being
isotopic there would be one of them between the other two, so contradicting N being a
regular neighborhood. Assuming the four arcs di are isotopic would take us to a and b
being isotopic too, which is false.
Each pair of of arcs have their end points linked and constructing the projection over
PY of one of them consists on joining its end points by one arc parallel to ∂Y .
It results that piY (a), piY (b) and piY (di) are the vertices of a triangle on the Farey
graph PY . In case of having a fourth isotopy class different of the former we would have
obtained four vertices in PY at distance 1 any two of them, which is impossible. 
Lemma 4.4. Let α and β be two curves in Σ realizing an elementary move ν0 → ν1 and
tight in Y . Let A ⊂ Y be a connected component of (α ∪ β) ∩ Y and let N be a regular
neighborhood of A. Then there is a curve d ⊂ ∂N such that dY (piY (a), piY (d)) ≤ 1 for
any arc or curve a ⊂ {α ∩ Y } ∪ {β ∩ Y }
Proof. Let A be the connected component in the statement. Assume first that A just
contains at most one intersection point of α∩β and none of the curves α or β is contained
in Y , then consider a regular neighborhood N ⊂ Y of A. With this initial assumption it
results that any arc d ⊂ ∂N ⊂ Y is essential as all the arcs α ∩ Y and β ∩ Y contained
in A are tight. For any arc a ⊂ {α ∩ Y } ∪ {β ∩ Y } it results by lemma 4.2 that the end
points of a and d are linked. In case that one of the former curves, say α is contained
in Y we have ι(α, β) = 1, the neighborhood N has two essential arcs d1, d2 ⊂ Y each
projecting to α and then dY (piY (di), piY (β)) = 1.
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It rests to consider the case in which α and β intersect in two points inside Y . As in
the previous case we ask to ∂N to have some arc to be essential in Y , and proceed as
before, but as in that case we might assure the existence of such an arc without appealing
α and β to be related by an elementary move. If we drop this condition here, it may
happen that ∂N has no such arc and then it results, after an isotopy, N having a holed
torus embedded. This would contradict the fact of N being a 4-holed sphere when there
is an elementary move relating two curves that intersect in two points. 
5. Intersection of curves on a 4-holed sphere
In the particular case of Y being a 4-holed sphere we precise of some previous defini-
tions. All along this section Y will denote a 4-holed sphere.
Definitions 5.1. (1) Consider a seam s together with a curve c contained in Y such
that ι(s ∩ c) = 2, then we say that s and c are a special couple in Y .
(2) For two different seams s, t ⊂ Y , we shall call the number common boundaries
of s and t, the number of connected components of ∂Y containing one end point
of each of s and t.
An example of special couple is shown in figure 2 above. This is the intersection of
the connected component of α ∪ β that contains their intersection points with Y1.
Remark 5.2. Given two tight curves α, β ⊂ Y , then dY (α, β), when this number is no
greater than 2 may be measured in terms of ι(α, β), as all elementary moves allowed for
curves inside a 4-holed sphere are of the second kind.
Lemma 5.3. (1) Let s, t ⊂ Y be two different seams that are tight in Y , then
ι(piY (s) ∩ t) = 2ι(s ∩ t) + j where j is the number of common bondaries of s
and t.
(2) Let s, c ⊂ Y be a seam and a curve respectively, then ι(piY (s) ∩ c) = 2ι(s, c)
Proof. (1) Let s and t be two representatives that realize ι(s, t) and let N ⊂ Y be a
regular neighborhood of the complex formed by s and the boundary components
δ1 and δ2 where s has its end points. Observe that ∂N = piY (s).
We may select N small enough to have ι(piY (s), t) = 2|s ∩ t| + j, so it is at
most this number. To see that it is also the lowest number assume that it is
greater that 0.
When 2|s ∩ t|+ j = 1 is j = 1 and if P1 ⊔ P2 = Y \ piY (s) then t has one end
point at P1 and the other at P2, and as piY (s) separates this two subsurfaces, the
number cannot be lowered.
When 2|s ∩ t| + j = 2 either j = 0, in which case t has its end points at, say
P1, but also a subarc of it (that intersects s), lies in P2 and for the same reason
as before the number can not be lowered; or j = 2 and t has the end points at
P2 and a subarc of it lies on P1, again the number can not be lowered.
In the remaining cases we have a collection of arcs ti (subarcs of t) with their
end points at ∂N and eventually some of them (at most two) with one end point
at ∂N and the other at ∂Y .
7
Diminishing the number 2|s∩ t|+ j relies on finding an isotopy of (Y, ∂Y ) that
takes t to have a lower intersection number with ∂N . We may assume that this
isotopy applies N into itself and then applies some arc ti with its end points in
∂N inside N . The arc ti together with a subarc di ⊂ ∂N determined by its end
points would bound a disc, so by the regularity of N we may extend ti to s or
any of δ1 or δ2 to bound a disc with any of this which is against s and t being
different, tight or with the lower intersection.
(2) The proof of this point is like the previous one with the particularity that in this
case the arcs of c outside the neighborhood N of s all have their end points at
∂N .

Lemma 5.4. Let Y be a four-holed sphere. For any curve a ⊂ Σ such that a ∩ Y has a
single connected component there is a seam s such that piY (s) = piY (a).
Proof. Given the curve a we shall construct an associated seam s as follows. In case that
a is itself a seam then a = s. So we assume that either a ⊂ Y or a∩ Y is a wave. In the
first case we may construct a wave w by deforming a isotopically to make an arc a′ ⊂ a
into one component of ∂Y and as a result piY (a) = piY (w).
We then assume that a is a wave. The simple closed curve piY (a) is separating and so
the wave a is also separating. Consider the component A of Y \ a that is homeomorphic
to an annulus and call b the component of ∂Y contained in A. We see as a can be
deformed by a deformation retraction onto the complex formed by b and an arc s that
joins b to the other component of ∂A and having empty intersection with a. The arc s
is the seam we are looking for and piY (s) = piY (a). 
Definition 5.5. The seam obtained in the last Lemma is called associated seam to a.
Remark 5.6. If s is a seam and c a curve and they are special with respect to Y , then
one of the associated seams to c, say t, has its end points at the same components that
s does, that is, the number of common boundaries for s and t is 2. In this case we have
dY (piY (s), c) = 2.
Lemma 5.7. Let s be a seam and let b be any curve, wave or seam. Assume that s and
b are tight with respect to Y , s ∩ b = ∅ and in case of b being a seam the number of
common boundaries of s and b is at most 1. Then dY (piY (s), piY (b)) ≤ 1.
Proof. If b is a curve or a wave it separates Y so any of its associated seams, say t lies
in one of the components of Y \ b and it follows that s ∩ t = ∅. We may select the
associated seam t lying inside the component that does not contain s to ensure that
their number of common boundaries is at most 1, then by the first part of lemma 5.3
ι(piY (t), s) ≤ 1 and by the second part of the same lemma ι(piY (t), piY (s)) ≤ 2, which is
to say dY (piY (s), piY (b)) ≤ 1. 
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Lemma 5.8. Let α and β be two curves in Σ related by an elementary move, assume α
and β are tight in Y . Let A be a connected component of (α∪β)∩Y that is not a special
couple and consider a regular neighborhood N of A. Then there exists an arc δ ∈ ∂N
such that dY (piY (δ), piY (a)) ≤ 1 for any arc or curve a ⊂ {α ∩ Y } ∪ {β ∩ Y }.
Proof. Let A be a component of (α ∪ β) ∩ Y . The regular neighborhood N of A is a
genus 0 surface as it is embedded in Y . The surface N may be contractible, homotopy
equivalent to a circle or to a wedge of two circles, depending on the number of intersection
points of α∩ β inside Y and also on the separation property that the components of the
former curves in A satisfy with respect to Y .
To see this more precisely consider the connected 1-complex A ⊂ Y and assume
that it contains al least one intersection point of α ∩ β. Delete those arcs in A joining
intersection points with some boundary component, the resulting complex B contains
the set of intersection points from α ∩ β together with an arc joining them when this
set contains two points. To have valence 4 would imply that no deleting was made, but
this is not possible unless α, β ⊂ Y . It clearly results that B has the homotopy type of
either a point, a circle or a wedge of two circles. In any case the complex B allows two
boundary components of ∂Y to be connected by an arc d that avoids any intersection
with B and so also with A. In case that B has the homotopy type of a wedge of two
circles we have deleted from A a couple of arcs as the vertices of B have valence 3, so
one of the former curves, say α is contained in Y and the arcs in A to be deleted can not
end at different components of ∂Y as A is not special. It follows that d does not share
ends at different components with any arc in α∩A or β ∩A and the result follows from
Lemma 5.7. 
6. Geodesic paths in P
The main result in this section is concerned with geodesic paths in the pants graph
P. Theorem 6.5 is crucial to prove the main Theorem in this paper, and before proving
it we deal firstly with arbitrary paths in which no elementary move is realized by an
special couple.
An important argument in the proof of the next Proposition is the fact that if an
elementary move ν0 → ν1 is realized by the curves α and β, the boundary curves of a
regular neighborhood N of α∪β belong to both ν0 and ν1. Then in order to measure the
distance between piQ(ν0) and piQ(ν1) we have just to look at those subsurfaces Yi ⊂ Σ\Q
where α and β have nonempty intersection once they are tight. Any single arc of either
α or β intersecting Yi implies the existence of at least another isotopic to it in Yi as the
result of intersecting curve in ∂N with Yi, thus an arc in ν0 ∩ ν1 makes no increasing
distance in the factor PYi .
Proposition 6.1. Let ν = (ν0, · · · , νr) be a path in the pants graph P such that no pair
of curves α, β ⊂ Σ realizing an elementary move νi → νi+1 intersects a complexity 1
subsurface Y ⊂ Σ\Q forming a special couple (α∪β)∩Y . Then there exist ω0 ∈ piQ(ν0)
and ωr ∈ piQ(νr) such that
dQ(ω0, ωr) ≤ r
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Proof. All arcs considered in this proof inside a complexity 1 surface Y are assumed to
be the result of intersecting with Y curves that are tight in it.
For each two adjacent complexity 1 subsurfaces Yi, Yj ⊂ Σ \ Q there is at most one
single common boundary component, due to the homology condition in the definition
of any such Yk given in 2.1. For such a common boundary we shall consider a regular
neighborhood of it, that is, an annulus Aij in such way that its boundary circles become
boundaries of Yi and Yj. All along this proof the curves we are dealing with, are tight
in all Yi, i = 1, . . . , n, eventually deforming them isotopically to make some intersection
points between two of them lying outside any Yi.
Consider first those subpaths ν1, . . . ,νs ⊂ ν such that all elementary moves inside
them are of the second kind and each pair of curves realizing such move have their
intersection points at different complexity 1 subsurfaces.
We shall deal first with projections of this class of subpaths to control their distance
after projecting to PQ.
Let νj ⊂ ν one of the above subpaths and assume first that length(νj) ≥ 3. Set
ν1, . . . , νk the set of vertices of νj . The elementary move ν1 → ν2 is realized by a pair
of curves, say α and β with their intersection points contained in Y1 ∪ Y2 ⊂ Σ \Q. Let
N ⊂ Y1 be a regular neighborhood of the component of (α ∪ β) ∩ Y1 that contains the
intersection point. Call d1, . . . , d4 the arcs from ∂N ∩ Y1. We stress that these arcs are
the result of intersecting four different curves in ν1 ∩ ν2 with Y1.
In case of Y1 being a 1-holed torus, Corollary 4.3 ensures that two of the arcs in
∂N ⊂ Y1 occupy one isotopy class while the other two other isotopy class, being these
two classes different from those of α∩ Y1 and β ∩ Y1, so an eventual curve γ ∈ νi+2 ⊂ νj
intersecting a curve in νi inside Y1 could only do it with α again as an intersection with
an arc dk ∈ ∂N would imply the intersection with its isotopic fellow ds both coming
from different curves in νi+1. Due to this fact, further analysis on intersection of arcs
take us to deal with the case of Yi being a 4-holed sphere.
We may select one of d1, . . . , d4, say d1 to construct piY1(d1) as that curve in Y1 that
belongs to the projection of ν1, ν2, ν3, and eventually of ν4 and ν5, depending on the
length of νj . By proceeding analogously on all that subsurfaces Yl ⊂ Σ \ Q containing
point of intersection between curves that are involved in an elementary move inside νj ,
we can ensure
(6.1) dQ(piQ(ν1), piQ(νi)) = 0, i ≤ 5
In the particlar case that length(νj) = 2 we may select curves as before to have
dQ(piQ(ν1), piQ(ν3)) = 0, even in this particular case where ν3 6⊂ νj .
To follow the proof we observe now that there are four essentially different possibilities
for two arcs contained in a 4-holed sphere Y (up to homeomorphism of Y ) intersect in
one point attending to the number of components of ∂Y containing end points of the
two arcs, and how many of them are waves or seams, these are drawn in figure 3.
Next we are concerned with an eventual need of change of the selected arc d1 ⊂ Y1 to
project vertices νi in νj , i ≥ 5. This situation occurs when d1 is part of a curve involved
the elementary move ν5 → ν6 with just one intersection point in Y1. Call f1 the arc
that intersects d1 in this elementary move and let N ⊂ Y1 be a regular neighborhood
of d1 ∪ f1. Then as shows figure 3, there are at least two arcs d
′
1, d
′
2 ⊂ ∂N such that
dY1(piY1(d1), piY1(d
′
i)) = 1. The least favorable case would be that in the same ν5 → ν6,
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a b1 2 32
Figure 3. The figure illustrates the proof of proposition 6.1. The por-
tions of α and β contained in Y , in bold line in, intersect in one single
point. Also the corresponding arcs in ∂N are shown.
there is an arc f2 ⊂ Y2 for another 4-holed sphere that intersects the selected arc d2 ⊂ Y2
in one single point, that is piY2(d2) = piY2(ν5). We may assume that both d1 and d2 were
used to construct piY1(νi) and piY2(νi) for i = 1, . . . , 5. The existence of at least two
such d′1 and d
′
2 leads us to ensure dQ(piQ(ν5), piQ(ν7)) ≤ 2, also considering the case that
ν7 /∈ νj . This sums to the bound in (6.1) to get dQ(piQ(ν1), piQ(ν7)) ≤ 2, considering also
the case of ν7 6∈ νj .
Continuing this process we get for a subpath νj having length l
(6.2) dQ(piQ(ν1), piQ(νl+2)) ≤ l − 3,
where νl+2 6∈ νj .
Now let ν0 /∈ νj be a vertex that is adjacent to ν1 ∈ νj . Call λ, µ ⊂ Σ the curves
realizing ν0 → ν1. This elementary move may be either of the first or of the second kind,
in any case their intersection points do not lie at different complexity 1 subsurfaces on
Σ \Q.
In order to attach the projections of all the paths νj along those ones of vertices that
do not belong to them, we deal firstly with the case that ν0 → ν1. Let d0 ⊂ Y1 be the
arc or curve considered to make piY1(ν0). Let d1 ⊂ Y1 be the arc whose projection is
piY1(ν1), as explained above. In this case Y1 contains one point of α ∩ β, the possible
need to change d0 could be due to two reasons: one is because this arc intersects d1
and the other because it does not coincide with it. Notice d0 can not intersect either
α or β unless it is contained in N and for this reason it can not intersect d1 as both
d0 and d1 are assumed to be tight in Y1 and N ⊂ Y1 is homeomorphic to a disc. The
remaining possibility is d0 ⊂ Y1 \N . In case that Y1 is a 1-holed torus d0 is an arc and
by Lemma 4.3 we have dY1(piY1(d0), piY1(di)) ≤ 1. In case that Y1 is a 4-holed sphere we
may assume that piY1(d0) = piY1(s) for a seam s ⊂ Y1 \N , then by Lemma 5.3 we have
dY1(piY1(d0), piY1(di)) ≤ 2, and so we may ensure that dQ(piQ(ν0), piQ(ν1)) ≤ 2.
Finally let νr → νr+1 be any edge that does not lie in νk, k = 1, . . . , s and does not
coincide with any of those used in the construction above. Let ξ, ζ be the curves that
realize this move. These curves intersect in a single subsurface Y0 ⊂ Σ\Q. Let dr ⊂ Y0 be
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the arc or curve selected to make piY0(νr), then if ζ does not intersect dr we still consider
this projection as contained in piY0(νr+1), otherwise consider the regular neighborhood
N of dr ∩ ζ ∩ Y0 and by Lemmas 4.4 and 5.8 we have dY0(piY0(d), piY0(dr)) ≤ 1 for some
arc d ∈ ∂N then we have dQ(piQ(νr), piQ(νr+1)) ≤ 1.
Assembling the bounds for the subpaths νj together with this last bound for single
edges not inside them gives the result. 
Lemma 6.2 (Orthogonality). Let Q be a n-handle multicurve and let ν0 ∈ PQ and
ν1 /∈ PQ be two adjacent vertices in P. Then piQ(ν1) = ν0.
Proof. Assume the elementary move ν0 → ν1 is realized by the curves α ∈ ν0 and β ∈ ν1.
It may happen that β does not intersect any complexity 1 subsurface Yi ∈ Σ \Q, but
in this case clearly we have that piQ(ν1) = ν0 as we do not have to consider projections
of curves over the Yi. The other possibility is that β intersects some Yi but it can not
be contained in any one of them for in that case ν1 ∈ PQ.
That said, computing piQ(ν1) relies on computing piYi(β ∩Yi) for each Yi ⊂ Σ \Q that
β intersects. The number of such subsurfaces is at most 2 in case of α separates two
complexity 1 subsurfaces in Σ \Q.
To finish the proof we assume that β intersects Y1 ⊂ Σ \Q. As κ(Y1) = 1, there is a
curve γ ⊂ Y1 that belongs to ν0 ∩ ν1 and on the other hand β ∩ Y1 consists of one single
arc, say β1 as necessarily the curve α is one boundary component of Y1, and piYi(β1) = γ.
Making the same reasoning for another eventual Y2 proves the assertion. 
Lemma 6.3. Let ν = (ν0, . . . , νr) be a geodesic path in the pants graph P. Let α
and β be a pair of curves realizing the elementary move νk → νk+1 such that for some
subsurface Y ⊂ Σ \Q their intersections with Y form a special couple. Then there is at
most another curve γ ∈ νk−1∪νk+2 such that γ∩Y forms a different special couple from
the former, with just one of α ∩ Y or β ∩ Y .
Proof. We set s be the seam resulting from the intersection α ∩ Y an we notice that
there is no restriction on assuming that α ∈ νk as the path may be reversed.
The curve β ∈ νk+1 is contained in the 4-holed sphere Y and it induces a pants
decomposition on Y , then Y \ β is a couple of 3-holed spheres, say P1 and P2. Now the
seam s intersects β in two points and then it has its end points at, say P1.
Any curve γ ∈ νk−1 such that γ ∩ Y forms a special couple with α ∩ Y has to be
contained in Y and |γ ∩ s| = 2. We may consider γ = piY (u), for a seam u and by
Lemma 5.3 there are two possibilities for u, namely those giving piY (u) = β. The choice
for u is unique and so is its projection γ that it would be equal β, thus in contradiction
with (ν0, . . . , νr) being a geodesic path.
On the other side, for a curve γ ∈ νk+2 form a special couple with β let s
′ ⊂ γ ∩ Y
the corresponding seam, s′ have its end points either at ∂P1 to avoid intersections with
∂N(α ∪ β) ∩ Y . Then the possibilities for s′ are all powers of half-twists along β, of
α ∩ Y . These are the possibilities for γ ∩ Y form a special couple with β, and as before
there is only one δ ∈ νk+3 that would form a special couple with γ in Y , namely the
same β and in that case we get again the same contradiction. 
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Lemma 6.4. Let ν = (ν0, . . . , νr) be a geodesic path in the pants graph P. Let νk → νk+1
be an elementary move such that the curves α and β realizing this elementary move are
special for a complexity 1 subsurface Y ⊂ Σ. Assume that β ⊂ Y , then β ∈ piY (α).
Proof. Notice first that the homology condition for the boundary curves of any com-
plexity 1 subsurface Y ⊂ Σ \ Q implies that these curves are separating in Σ. Due to
this fact, given a special couple s ∪ β ⊂ Σ where s ⊂ α ∩ Y is a seam, there is another
seam s′ ⊂ α ∩ Y that has its end points at the same components as s and avoiding any
intersection with β. It results that piY (s
′) = β and β ∈ piY (α) ∩ piY (β). 
Theorem 6.5. Let ν = (ν0, . . . , νr) be a geodesic path in the pants graph P, then there
exist ω0 ∈ piQ(ν0) and ωr ∈ piQ(νr) such that
dQ(ω0, ωr) ≤ r.
Proof. Call ν∗ ⊂ ν a subpath such that for any edge νk → νk+1 contained on it, the
curves α and β that realize this elementary move are special for some subsurface Y ⊂
Σ \ Q. As in the proof of Proposition 6.1 we are concerned with those Y ⊂ Σ \ Q in
which there are intersection points of curves realizing the elementary moves. In the case
of ν∗ may be more than one such subsurface where a special pair takes place and for
each Y the length of the subpath ν∗Y ⊂ ν
∗ is at most 2 by Lemma 8. Consider one such
Y ⊂ Σ \ Q and let α, β and eventually γ be the curves involved in such subpath. We
may assume that α∩ Y is a seam an so β ⊂ Y , then let N be a regular neighborhood of
(α ∪ β) ∩ Y , that in case of length 2 it also contains γ. Exactly two components of ∂N ,
d1 and d2 are isotopic to other two components c1, c2 ⊂ ∂Y and the other two d3 and
d4 are seams isotopic between them and joining the other two components c3, c4 ⊂ ∂Y .
As in Lemma 6.4 we may select one, d3, and consider piY (d3) as the corresponding curve
for the projection of ν∗Y .
When ν∗Y has length 1 we may assume α ∩ Y being a seam. Consider all possible
seams from any of c1, c2 to one of c3, c4 such that intersect α∩Y at most once. Now for
one such seam s intersecting α∩Y consider the wave w that has s as an associated seam
and avoids any intersection with c1 or c2. The set formed by the waves thus obtained
together with those seams that do not intersect α, α ∩ Y and d3 are all possibilities for
arcs to be projected as piY (νk−1) ⊂ piQ(νk−1). Apart from dY (piY (α ∩ Y ), piY (d3)) = 2,
for all other pair of arcs we have that this distance is 1.
If we impose the arc d3 as to be projected from the vertices of ν
∗
Y we may find
a discrepancy between the one coming from the previous vertices as constructed in
Proposition 6.1. We now measure this discrepancy in terms of distance between the
projections. Notice that together with d3 and d4 there is another isotopic arc to them,
say d5 ⊂ α ⊂ νk.
As all the arcs d3, d4 and d5 correspond to different curves, we may assume that al
least one of them, say d3 still remains at the position νk−2 but perhaps not in νk−3 in
this least favorable case, as a result of the construction in Proposition 6.1, either another
arc or curve in the position of νk−3 intersects d3 or it is in the boundary of a region R
as that in figure 3 or it lies outside R. In the first case the arc d provided by Lemma 5.8
in the referred construction verifies d(piY (d), piY (d3)) ≤ 1. In case that d3 lies outside
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R is checked by inspection that we have the same bound between the projections of d3
and any arc of ∂R. Now in case that d3 is one of the arcs in ∂R we may take it as the
selected arc in that construction. The same reasoning holds for ν∗Y having length 2.
Projecting d if needed, from the position νk−3, and d3 from the rest, we obtain
d(piY (νk−3), piY (νk+1)) ≤ 1 which is to say that we get that the subpath ν
∗
Y only in-
creases distance by 1. As this attaching is done by considerations on the subsurface Y ,
for any other ν∗Y ′ ⊂ ν
∗ that overlaps the attaching construction just made from νk−3
to νk+1 or νk+2 allows us to keep the distance bound for the whole projections, thus
d(piQ(νk−3), piQ(νk+1)) ≤ 4 or d(piQ(νk−3), piQ(νk+2)) ≤ 5 depending on the length of ν
∗
Y .
Finally, we apply the result of 6.1 to those subpaths of ν in the hypothesis of that
Lemma, eventually with the correction to attach any ν∗ to get the result. 
7. Proof of theorem 1.1
The proof of Theorem 1.1 as in the case of 2-handle multicurves [2] relies on the
orthogonality property of lemma 6.2
Proof of theorem 1.1. Let ν = (ν0, . . . , νr) ⊂ P be a geodesic path with their end vertices
at PQ. Assume that ν
′ = (ν1, . . . , νr−1) 6⊂ PQ. The path ν
′ is still geodesic and by
Theorem 6.5 there are ω1 ∈ piQ(ν1) and ωr−1 ∈ piQ(νr−1) with dQ(piQ(ν1), piQ(νr−1)) ≤
r − 2. Besides, by orthogonality piQ(ν1) = ν0 and piQ(νr−1) = νr. Thus we would have
dQ(ν0, νr) ≤ r − 2 contradicting the fact of ν being geodesic. 
8. Large Flats in P
Disjointness of the complexity 1 subsurfaces that are defined by an n-handle multi-
curve Q allows us to consider a cartesian structure on the subgraph PQ. The proof of
the following result is an extension to the case of n such subsurfaces of Lemma 7 in [2].
Lemma 8.1. Let Q be an n−handle multicurve. The graph PQ is isomorphic to the
product PY1 ∗ · · · ∗ PYn of n Farey graphs. 
If Q is any n−handle multicurve then as a result of theorem 1.1 we have the following
Corollary 8.2. Let n an integer for which Σ admits an n−handle multicurve. Then P
admits an isometric embedding of Zn.
Proof. Let Q be a n−handle multicurve in Σ and let
Y1, . . . , Yn
be the complexity 1 surfaces in Σ \Q. Choose a totally geodesic, bi-infinite, geodesic gi
contained in each Farey graph PYi .
The product graph g1 ∗ · · · ∗ gn embeds in PQ as a totally geodesic subgraph, as PQ
is totally geodesic in P, it results that the former is totally geodesic in P. 
14
The surface Σ may be decomposed in subsurfaces
Y1, . . . , Yr(Σ), T
with r(Σ) = ⌊κ(Σ)+12 ⌋ and Yi being of complexity 1 and either T the empty set or a pair
of pants [6, 7].
The curves defining this decomposition are in case that T is vacuous a n−handle
multicurve if we abide by the definition. Nevertheless, we may consider the case in
which T exists by taking into account that the projection of any curve over T is a curve
parallel to the boundary and so considering the set piT (a) the empty set for any curve
a ⊂ Σ.
In this case PQ is a product of n = r(Σ) Farey graphs. Let L be the Weil-Petersson
length of an edge in one of these factor graphs. We know that in case that the factor
graph corresponds to a 4-holed sphere, the value of L is twice that one of in case of a
1-holed torus [8]. Once we have the embedding Zn we may construct by rescaling the
euclidean metric in the appropriate directions, an isometric embedding of Rn in PQ and
then in P, where n is the maximum possible [12, 13].
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